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1. (Bak—Newman E3.3) Prove that the composition of differentiable functions
is differentiable. That is, if f is differentiable at z, and if g is differentiable
at f(z), then go f is differentiable at z. [Hint: A first attempt may be to
write

(g0 f)(2) = lim L) = 9(f(w))

— qim |9Y (Z)) 9(f(w)) f(z) — f(w)
woz | fz) = flw) Z—w

and since f is continuous at z because it is differentiable there, we have

(g0 ) (2) =g (f(2)f ().

There is however one problem with this approach: What if f is zero near
z? You can either treat the case where f is zero near z separately (make
sure you negate the statement “f is zero near z” correctly!), or use the
following, different approach. Set w = f(z) and define

s =g
5(¢) = LU= — g'(w)

so that lim,_,.e(n) = 0 and lim¢, 6(() = 0. Then, starting with
9(f(2)) —g(f(n)), use the definitions of € and ¢ above.]

2. (Bak-Newman E3.8) Find all analytic functions f = u+ v with u(z,y) =

z? — 2.

3. (Bak-Newman E3.11) Define e* by
e* = e®cosy +ie”siny.

a. Show that e® is entire by verifying the Cauchy—Riemann equations
for its real and imaginary parts.



b. Prove that

ezﬁ-zz — ez1 ezz

4. (Bak—Newman E3.15) Verify the identities

a. sin2z = 2sin z cos z;
b. sin?z + cos? z = 1;

c. (sinz)" = cosz,

where sin z and cos z are defined by
sinz = (e” — e*”)

COSz =

l\DM—\[;)‘H

(eiz + efiz) .



5. [MATH 9024 STUDENTS ONLY] (Bak-Newman E3.21) Show that
the power series

. 22 _Oozn
fz) = +Z+5+"'_ZH
n=0

is equal to e, as defined above. [Hint: First show that f(z)f(w) =
f(z+ w), then show

flz) = e
fliy) = cosy +isiny

using the power series representations for e*, cos z, and sin x as functions
from R to R.]



