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1. Proof. Define ¢(n) = %{7(”) — f(2) such that lim,,e(z) = 0 and 0(¢) = %—g(é) — 4 (w)

such that lim¢_,,, 6(¢) = 0. Then, from the definition of 4, setting w = f(z) and E = f(n), we

have g(f(2)) — g(f(n)) = (6(f(n)) + ¢'(f(2)))(f(2) — f(n)). Dividing both sides by z —n, we
have

9(f(z)) —9(f(n)) (f(z) = f(n))

p— = (6(f(m) +¢'(f(2))) p—
when z # 7. So,
lim g(f(Z)i - f](f(n)) = (3 (1) + ¢ (F(:)) (f(zi - ;17“(17))
=g (f(2)f'(2)
where the first equality holds since f is continuous and 7 — z implies f(y) — f(z), thus
lim,,_,. 6(f(n)) = 0, by definition of 4. 0

2. By the Cauchy-Riemann equations, u, = 2z = v, and u, = —2y = —v,. So v(z,y) = 2zy. So,
all such analytic functions have the form f = 22 — 32 + i(2zy) + C, where C is any constant.

3. (a) Proof. We have u = e®cosy and v = e”siny, so u, = e*cosy = vy and uy = —e*siny =
—vY. So e* is entire. O
(b) Proof.
e = " (cos(y1 + yo) +isin(yr + y2))
= ™12 (cos 1 cos Yo — sinyy sin ya + 4 sin yq cos Yo + i cos Yy sin ys)

= e"(cosy; + isiny;)e*(cosye + isinysa)

= e*le®?

O
4. (a) 2sinzcosz =2 (g(e® — e ) 1(e”* + 7)) = 5 (e** — e7*) = sin2z.
(b) sin22—|—cos2z — _i(eiz_efiz)2+%(eiz+efiz)2 — %(e2iz+2+672iz_(€2iz_2_|_€f2iz)) - 1.

(c) (sinz) = (g(e — e‘iz))/ = 2 (ie”* +ie7%) = (e + ™) = cos .



