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1. (a) Proof Let ¢ > 0. Choose N € N such that 5 < e. Note that fol fa(z)dz = %1 and
fm(x) > fn(x) if m > n. So, for m,n > N, where m > n,

/01 | fm(z) — fo(z)|dx = /01 fon(x)dz — /01 fol2)dz
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So (fy) is Cauchy in (C[0,1],d). O
To show that (f,,) diverges in (C|0, 1], d), we first show that (f,,) converges to the step
function

0, 0<z<1/2
g(z) =
1, 1/2<z2<1

in (RO, d), where RI%! is the set of functions from [0,1] — R.

Proof. Let € > 0. Choose N € N such that 5% < e. Since g(z) > f,(z) for all n € N,
d(fn,9) = fol g(x)dr — fol fo(z)dz. = % — ”2—711 = % < ﬁ <e. O

Since g ¢ C10,1] (the step function is discontinuous at z = 1/2), by uniqueness of
convergence, (f,) does not converge in (C[0,1],d).
(b) Proof. Choose € = 1/2. Let N € N. Choose m,n € N such that m = 2n > n > N. Then,

for x € (%,%—i—%],

(@) — ful2)| = ma — 2 — (m _ ﬁ)
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50 |fimn (34 5) = fo G+ 3| = | 5+ 55) = Ju (5 + 55) [ = 5+ Thus, supsepoq | fn(2)
fa(z)| > 5 = €. So (f,) is not Cauchy. O



2. Proof. First we show d; is a metric.
(a) di((x,y), (2',y")) > 0 since dx (z,2') > 0 and dy (y,y") > 0.
(b) di((@,y), (x,9)) = dx(z,x) + dy(y,y) = 0.

(©) di((z,y), (2",y)) = dx(z,2") + dy (y,9') = dx (', 2) + dy (v, y) = da((=",¥/), (z,¥)).

(d) di((z,y), («",9)) +d1(( y), (@ y")) = dx(z,2) + dy(y,y') + dx (@', 2") + dy (y',y") =
dx(z, 93”)+dY( )—dl(( ), (2, y"))

Next we show d, is a metric.

(a) doo((z,y), (z',y")) = 0 since dx (z,2'),dy (y,y') = 0.
(b) deo((2,9), (2, y)) = max{dx (z,2),dy (y,y)} = 0.
(e) doo((2,9), (2',y)) = max{dx (x,2), dy (y,y')} = max{dx (2, x),dy (v, 9)} = doo (2", ¥/), (z,9)).
(d) Note that if dX(:L‘ ') >dy(y,y) and dx (2, 2") > dy (v, y"), then L = doo((z,y), (', y)) +
doo (2, ( "y = dX(a:,:x’)+dX(x’,x”) > dx (x,2"). Similarily, if dy (y,vy") > dx(z,2')
and dy(y’ " > dx(z,2"), then L > dy(y,y"). If dx(x,2") > dy(y,y’) and dy (¢, y") >
dx(2',2"), then L = dx(x,2') + dy (y',y") > dx(z,2') + dx(2',2") > dx(z,2"). Finally
if dy(y,y') > dx(z,2') and dx(2/,2") > dy(v,y"), then L = dy(y,y) + dx(a',2") >
dx(z,2"). So, we have L > dx (z,2"),dy (y,y"); that is, L > max{dx (z,2"),dy (y,y")} =
doo((2, ), («",y")).
O

Proof. (—) Let S C (X x Y) be open with respect to di. Let p = (py,py) € S. Then, there is
an € > 0 such that By, (p;e) € S. Let (z,y) € By (p;€/2). Then dx(x,ps),dy (y,py) < €/2, so
dx (2, pz) + dy (y,py) < € and (z,y) € By, (p;€). So Ba, (p;€/2) C Ba,(p;e) C S, so S is open
with respect to d

(+) Let S be open with respect to dos. Let p = (py,py) € S. Then, there is an € > 0 such that
By (p;e) € S. Let (x,y) € Bg, (p;€). Then, dx(z,ps) + dy (y,py) <€, so dx(z,pz), dy (y,py) <
€. So max{dx(z,pz),dy(y,py)} <€ and (z,y) € By, (p;€). So Bg,p;e C By (p;e) € 5,50 S is
open with respect to dj. ]



